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Abstract 



We study stochastic convolutions providing by fundamental solutions of a class 
of integrodifferential equations which interpolate the heat and the wave equations. 
We give sufficient condition for the existence of function-valued convolutions in 
terms of the covariance kernel of a noise given by spatially homogeneous Wiener 
process. 



In (P), P is a fundamental solution of some integrodifferential equation introduced in the 
next section, u is a stochastic process specified next, is a spatially homogeneous Wiener 
process and 6: M — > M denotes the random field. 
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1 Introduction 



The paper is concerned with the stochastic integrals of the form 




(1) 
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The integral looks out formally like those considered in [PeZa2] where the existence 
of function- valued solutions of nonlinear stochastic wave and heat equations have been 
analyzed. This is the well-known fact (see, e.g. [Mi]) that solutions to nonlinear wave 
and heat equations may be represented in terms of fundamental solutions to the Cauchy 
problems for equations, wave or heat, respectively. This idea has been used in [PeZa2] for 
representing solutions of stochastic nonlinear equations. In both obtained formulas, the 
stochastic integrals of the form ((T)) have appeared. Unfortunately, no analogous formula 
(with fundamental solution) exists for the solution to nonlinear Volterra equation. 

As we have already mentioned, the paper [PeZa2] is concerned with function- valued 
solutions to the stochastic nonlinear wave and heat equations and provides necessary 
and sufficient conditions for the existence of such solutions. The problem of existence 
of function-valued solutions to linear and nonlinear stochastic wave and heat equations 
has been investigated by many people. They obtained several conditions in terms of 
function coefficients, the covariance kernel or spectral measure of the noise W. We refer 
to some papers only: [Da], [DaFr], [DaMu], [KaZal], [KaZa2], [Pe], [PeZal] and [PeZa2], 
for more information see references therein. But only a few papers are concerned with 
the stochastic Volterra equation. The paper [KaZaS] deals with linear Volterra equation 
and is written in the spirit of the above mentioned papers. 

The aim of this paper is to provide conditions under which the stochastic integral 
is well-defined process with values in the space = L^(R, v{x)dx), where v is some test 
function. We follow the idea used in some part of [PeZa2] for our study on the interval 
[—R,R]. It could be done because the fundamental solutions Pa, 1 < a < 2, considered 
in the paper are similar in some sense to fundamental solution of the wave equation. 
Next part of our studies, particularly the passing to the limit as i? — * +00, bases mostly 
on specific properties of solutions Pa- The paper proposes a framework for a study of 
nonlinear stochastic Volterra equations. Till now, to the best of our knowledge, there 
has been appeared no paper concerning function-valued solutions to nonlinear Volterra 
equations. We hope the results obtained in the paper will be the first step towards this 
direction. 

In the paper we study only the one- dimensional case. To treat regularity of the 
stochastic integral in the cases ci > 1 by this method will require development of the 
results analogous to Fujita's ones for the higher dimensions. And, to date, this work has 
not been done. 
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2 Deterministic integrodifFerential equations 



The following integrodifferential equation 



u(t,x)=g{x)+ / h{t — s)Au{s,x) ds , 
Jo 



(2) 



t > 0, X G M, has been treated by many authors (see, e.g. [FrSh], [Fr], [Fu], [Pr] and 
references therein). The equation Q is usually used to describe the heat conduction in 
materials with memory. Very important results have been obtained (see [Fu] and [ScWy]) 
in the case h{t) = t°'~^/r(a), for 1 < a < 2, where F is the gamma function. With such 
a kernel the equation Q reads 



We can see that the family of equations (jHl) with 1 < a < 2 interpolates, in some sense, 
the heat equation (when a = 1) and the wave equation (when a = 2). Both papers [Fu] 
and [ScWy] provide the representation of the solutions to the equations ^ and they are 
complementary to one another. Additionally, Fujita has characterized the solutions to 
Q in detail. Because we shall use his results in the paper, we first recall some facts from 
Fujita's work. 

Let S{R) denote the space of rapidly decreasing functions and C([0, +oo); ^(IR)) be 
the space consisting of S'(M)-valued continuous functions on [0, +oo). For I < a < 2 and 
t > 0, we define the function 

q^{t,^) := exp[-t|^|''e-^'''^=^"(«)/2] ^ ^^ere 5 = 2/a and 7 = 2- 2/a. 
Define P^{t follows 



u{t,x) = g{x) + 



1 r 

-— (t-s)"-^Au(s,x)ds, l<a<2 

r(a) Jo 



(3) 




(4) 



The function Pa(t,x) has the following properties 



' Pait,x) > , 



t e (0, +oo), X G M 



< 



(5) 



/ Pa(t,x)dx 



1, 



t G (0,+oo) 



V 



oo 



i.e. is a probability density function and 



Paixr'"'^) t G (0, +oo), X G R 



(6) 
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where Pa{x) = Pq(1, x). 



Let us recall the representation of the solution to the equation (jH)). We assume that 
the function (7 in (jHl) belongs to the space 



Theorem 1 (Theorem A, [Fu]) 

For every 1 < a < 2, the equation ^ has a unique solution Ua{t,x) given by 



+00 



^ J g{x- y)Pc,{t, \y\) dy, for l<a<2 



^ l[g{x + t)+g{x-t)], for a = 2. 

Hence, ^Pa(t, \x\) with 1 < a < 2 is the fundamental solution of the equation 0. 
This means that this function is the integral kernel of the operator acting from the initial 
data g to the solution Uait,x) of Q. 

The next theorems provide important properties of the fundamental solution to the 
equation 0. 

Let us define, for 1 < a < 2 and x G M the following functions 



\x\ " exp 



\x\ Q exp 



— sgn(x) 
a 



— sgn(x) 
a 



(7) 



and 



sin{ci7r) 



J t'^^+2x'^t°' cos( 



fa{x) 



(a7r)+x* 



(x^O) 
(x = 0) 



Theorem 2 (Lemma I.4, [Fu]) 
For every 1 < a < 2 

J^-'[F^]{x) = - PM) , (8) 
a 

where ^ 

Fa{x) = — {exp(aQ,(x)) + exp(6Q,(x))} + fa{x) for a; G M 
a 

and functions aa,ba,fa o'^e defined like in 

Corollary 1 From (0) we obtain 

J^~^[exp{aa)]{x) = Pa{—x) and jF"^[exp(6Q,)](x) = Paix) . 
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Theorem 3 (Theorem B, [Fu]) 
For 1 < a <2 we have: 

1. Pa{t, \x\) is continuous for t G (0, +oo), x G M. 

2. Pait, \x\) takes its extreme values atx = iCat"^"^ (maximum) andx = (minimum), 
where Ca > is a constant determined by a. The solution is monotone elsewhere. 

3. Pa(t, \x\) never vanishes for t G (0, +oo), x G R. 

Comment: By Theorem\^we see, that the fundamental solution to ^ has the similar 
property to that of the wave equation. For both equations, the points, where the funda- 
mental solution takes its maximum, propagate with finite speed. 

The below picture iUustrates Theorem |S1 









<l) 




ja/2 


C.t'^'^ 


X 



The fundamental solution to the equation (jHl) is well-known for the limiting case a = 0, 
not considered here, a = 1, that is for the heat equation and a = 2, that is for the wave 
equation. For some more information we refer to [Fu], [ScWy] and [Pr]. Let us notice 
that the point of view on the equation Q represented by the authors is different. While 
Friedman and Priiss emphasize the representation of the fundamental solution Pa{t, \x\) to 
(13 for general case < a < 2 in terms of the Mittag-Leffler functions (Friedman [Fr] was 
the first who observed that fact), Fujita and Schneider with Wyss join the fundamental 
solution with a-stable (or Levy) probability distributions. Moreover, the latter authors 
propose a possible physical application of fractional diffusion (0 < a < 1) not considered 
in this paper. 
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As we have already written, we consider the same family of the equations (jHI) like 
Fujita, that is for 1 < a < 2. 

3 Stochastic integral 

Because several papers (cf. [PeZal], [KaZa2], [KaZa3], [PeZa2]) contain detailed descrip- 
tion of the stochastic integral used in this paper, we recall only the most important facts 
indispensable for understanding the remaining part of the paper. 

Let 5(R°') denote the space of all so called rapidly decreasing functions on Mf^ and 
5"(R'^) be the space of tempered distributions on R'^ (see, e.g. [Yo]). Denote by S'(s)(M'^) 
the space of functions ip G S'(]R'^) such that ip = where v^(s)(a;) = ip{—x), x G M*^. 
Analogously, we denote by S'^^^(M'^) the space of all distributions ^ G S'(W^) such that 
= for ^ G S{W^). (In the whole paper, the value of a distribution ^ on a 

test function ip will be denoted by 

Assume that (il, JF, (jFj)i>o, P) is a complete probability space. As we have already 
written, the noise process is a spatially homogeneous Wiener process. Such process has 
been used by many authors, see e.g. the papers mentioned above and references therein. 
Shortly speaking, W is an 5'(M'^)-valued Wiener process having the following properties: 

1. for every ip G S'(M'^), (iy(t), (y9)fg[o,+oo) is a real-valued process; 

2. process W has the covariance of the form E{W{t), ip) {W(t),ip) = s At {T,ip * V'(s)), 
where ip G S'(M'^), ip G 5'(s)(M'^) and F is a positive-definite distribution in 5"(M'^). 

Let us emphasize that the spatially homogeneous Wiener process W for any fixed 
t > becomes a stationary, Gaussian, generalized random field. 

Since F is a positive-definite tempered distribution, there exists a positive symmetric 
so called tempered measure fj, on M*^ such that F = J-'{fi). (Let us recall that the measure 
/i on M'^ is tempered if there exists r > such that J^d{^ + \x\^)~^dfi{x) < +oo.) To 
underline the fact that the distributions of W are determined by F, we will write Wr- 
The distribution F is the space correlation of Wr and fi is the spectral measure of Wr 
and F. 

We denote by q, a scalar product on S'(M'^) given by the formula: q{ip, ip) = (F, ip*ip(^s)) , 
where ip,ip & S'(M''). In other words, such a process W may be called associated with q. 

The crucial role in the theory of stochastic integration with respect to Wr is played 
by the Hilbert space Hw C. S'(M.'^) called the reproducing kernel Hilbert space of Wr- 
Namely the space Hw consists of all distributions ^ G S'(W^) for which there exists a 
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constant C such that 

The norm in Tiw is given by the formula 

\i\Hw = sup / , , 

Let us assume that we require that the stochastic integral should take values in a Hilbert 
space H continuously imbedded into 5"(]R'^) . Let L(^hs)0^w^ H) be the space of Hilbert- 
Schmidt operators acting from Tiw into H . Assume that ^ is measurable, (JF4)-adapted, 
LhsO^w ^ Hy^ahied process such that 

E < +00 for all t > . 

Then the stochastic integral 

f '<^{a)dWr{(T), t>0 
Jo 

can be defined in a standard way, see [Ito] or [DaPrZal]. 

As in [PeZal] and [PeZa2], we shall use the characterization of the space Tiw 

Proposition 1 (Proposition 1.2, [PeZal]) 

A distribution ^ belongs to Hw if o^nd only if i = J-'{ufi) for a certain u G L^^^(M°', /x). 
Moreover, if i = J-'{ufi) and rj = J^{vfi), then 

where L^^j(R'^, /i) denotes the subspace of L'^^-^iM.'^ , ft; C) consisting of all functions u such 
that ■U(s) = u and (■, ■) denotes products on particular spaces. 



4 Estimates on the interval [— i?, R] 

As we have already written, the aim of the paper is to provide conditions under which 
the stochastic integral of the form (Q), where P = Pq, is the fundamental solution of the 
equation (jS)), is a well-defined stochastic process with values in the space L^(R, e~'^''(ix). 

Let V belong to the space S'(M) of rapidly decreasing functions on M and be a strictly 
positive even function such that v{x) = e~'^'' for |x| > 1. By we denote the space 
L^(M, fdx) which is isomorphic with the space L^(M, e~'^'(ix). 

Comment: Results obtained in the paper remain true for the function v{x) = {l + \x\'^)~'' , 
with p > |, > 1. 
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Using the notation from section ^ the stochastic integral reads 

Ia{t):= [ Pait-s)*ib{uis))dW{s)), (9) 
Jo 

where the convolution means the convolution with respect to the space variable, that is 

Pa{t - s) * {b{u{s))dW{s)){x) = / Pa{t - s,y - x){b{u{s,x))dW{s,x))dx. 

Jr 

We assume that u is an L^-valued measurable (jF()-adapted process such that 

sup E\u{t)\l2 < +00 . (10) 

0<t<T 

Denote by the space of such processes. In the paper b : M ^ M is such a function 
that the process b{u) belongs to the space Xt. A quite natural example of b is any Lips- 
chitz continuous function. 

We shall use the following 
Hypothesis (H): There exists a k > such that T + kX is a non-negative measure, 
where A denotes Lebesgue measure on M. 

Comment: This is known from previous papers (of [PeZal], [KaZa2], [KaZaS] or [PeZa2]) 
that the hypothesis (H) is equivalent to the assumption: there is a constant k such that 
the measure /i + k6o is a positive-definite distribution, where fi is a spectral measure of 
the noise Wr and 6q is Dirac function. 

We recall from section\^thatr = J^{fi). Next, ifV is a function bounded from below then 
the hypothesis (H) holds. Additionally, the hypothesis (H) is equivalent to the condition 

/du(x) 

We define the space TC^r consisting of all distributions of the form rj = J^^ipfi), where 
^e5(,)(M). 

Remarks: 

1. The space TC^r is a dense subspace ofTCw- 

2. The following estimate holds \ilj{x)\fi{dx) < +oo , where ip G S'(s)(]R). 

3. From Prop. 1.3 [PeZal] and the inclusion Ti^/ C H we obtain Ti^r C (^^(R). 
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Define Paif) as follows 



Pa{t, \x\) for |x| < R 
for Ixl > R 



where G M is finite. 

Let us define, analogously like in [PeZa2], the following operator 



}Cn{t,u)r^'=^ P^{t)*{uv) (11) 



for t > 0, u e Ll and rf G Hy^. 
Clearly, 

K:R{t,u)r]{x) = / u{x -y)r]{x -y)P^{t){dy), xe 



In this section we shall show that the operator JCnit, ■) has an extension to Hilbert- 
Schmidt operator from the space Hw into L^. Additionally, we will give the estimate 

where C is an appropriate positive constant. In other words we shall prove that JCR(t, ■) 
can be uniquelly extended to linear bounded operator acting from the space Ll into the 
space of Hilbert-Schmidt operators L(^hs){.'Hw, Ll). 

First we introduce on the interval [—R, R] the integral analogous to that defined in (jHI): 

lait) ■■= f Pait - S) * {b{u{s))dW{s)) = f ICrU - S, b{u{s))) dW{s) . (12) 

JO Jo 

We can see that the operator )Cr has to fulfil the condition (|T0|) which guarentees that 
the integral ()12j] is well-defined. In order to obtain it, the operator JCr has to belong 
to L(^HS)0^w^H). Indeed, if u is an L^-valued measurable (jFt)-adapted process fulfilling 
condition (fTUj) then for any t > 0, the operator-valued process /Cij(t — s, 6(u(s))), s G (0, t), 
will be adapted and will satisfy the required condition 

^ (/ ~ ^^^^'^^^)^)\L{HS){nw,H)ds^ < +00 . 

Because the process b{u(t)), t G [0, T], belongs to the space Xt for any u G At, in the 
sequel we shall consider the operators }CR{t,u) instead of ]CR{t,b{u)). 

Let us emphasize that for any our function v there is a constant such that 

v{x — z) < Cye^v{x), where z G M and z G [—R,R] . (13) 
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Lemma 1 Assume that fulfills the estimate M^) . Then 

{P^{t)*v){x)= [ v{x-y)P^{t)dy<C,e''v{x), xe[-R,R]. (14) 
Jr 

Moreover, for all t > 0, ip & S{W^), the convolution P^{t) * E and 

\P^{t)*^\L^^<C,e^\^\%. (15) 

Proof: From the property © we obtain 



{P^{t)*v)ix)= r v{x-y)P^{t)dy<C,e''v{x) ^ P^{t) dy < C^e'' v{x) , 

J-R J-R 

which proves ()14j) . 

In order to prove p5|l it is enough to write exphcitely the norm \P^{t) * iplii for 
ip e S'(M'^) and then use the estimate (fT^ . ■ 



Corollary 2 For any t>0, there is a unique operator Vj^it) G L{Ll,Ll) such that for 
every ip G 5'(M), 

V^{t) = P^{t) * ^ . 
Additionally, there is a constant C such that 

\Vm\LiLl,Ll) < C e"" . (16) 

From the definition ()11|) of the operator /C/j and the estimation (fT^ . we obtain 

\^R{t,u)ri\Li < Ce^ \uii\l2 
for all t>0,ue Ll and rj G H^. 

Now, let us assume that the measure /i satisfies 

dii{x 



1 + \x\ 



< +00 . (17) 



We want to show that under the condition (fTTjl for any t > 0, the operator /Cj?(t, ■) has an 
extension to a bounded linear operator from the space Li into the space of Hilbert-Schmidt 
operators L^hs){'Hw,LI)- 

Remark: Let us note that the hypothesis (H) and the condition (|i7| ) are equivalent. This 
fact comes from Theorem 2, [KaZa2j. 
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Lemma 2 Assume that u G C5(]R) and {fk} C Ti^/ is an orthonormal basis of the space 
TCw- Then, for any t > 0, holds 

+00 „ „ 

J2\}CR{t,u)f,\l.= / / \J^iP^it)ix--)u)iy)\'^{dy)vix)dx. (18) 



Comment: Lemma\^ is formulated for u G C;,(M), not for u E L^. This trick provides 
the sense of the right hand side of M8\) . The main result of this section, Lemma 5, will he 
formulated for u G L^. It will he possihle hecause Cb(]R) is a dense suhspace of the space L^. 



Proof: In order to prove p8|l it is enough to rewrite the left hand side of (fTK|) . analo- 
gously like in [PeZa2], using the definition (fTTj) of the operator Kr. Next, we have to use 
properties of the Fourier transform and the convolution P^{t) * ufk- ' 



Lemma 3 // the spectral measure fi of the process Wr fulfills the condition then 
the operators }Cr{s, 1), s > 0, acting from the space Hw into Li, are Hilhert- Schmidt 
operators and moreover 

t 

\^R{s^^)\l„s(Hw.Ll)ds < +00 
for every t > 0. 



Proof: Because lemmas analogous to Lemma El has already been formulated in [KaZa2] 
and [PeZa2], we write here only a sketch of the proof. 

We have to obtain the suitable estimate of the right hand side of ()18|1 . in the case when 
the function m = 1, in terms of the condition (fT7|) . Particularly, we have to estimate the 
term |jF(P^(s)(?/))p. In our considerations we shall use formulas ©j© and CorollaryHJ 
For symmetry of let us consider y > 0. Then, we may write 



\HP^{s){y))\'^^{dy) < 2s~-l' |^(P.(ys-"/2))| ^(^2/) 

Jo 

exp((ys-"/2)2/"cos-)J ^i{dy) 

where 1 < a < 2. 

For every 1 < a < 2 and fixed s > 0, we may choose a constant Ca{s) that 

1 ^ C^{s) 



exp(f|/2/")2 - l + \y\ 
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where a = I cos - 1 . 

Additionally, we may choose finite constant C{t) that 

at) 

ds < ^ , y e 



/o exp(f y2/")2 - l+\y 

Hence, the above estimates give the thesis. 



Lemma 4 Assume that measure n satisfies condition JiT^ . Then there exists a constant 
C such that 

\^R{t^ ^)\hsin^,Li) <C»([ ^(^^^^) / TT^^ ' ' - ° • 

\t/ M. / t/ M. \y\ 

Lemma 5 Assume that the hypothesis (H) holds. Then the operator ICji{t,u), for t > 0, 
u G Li, is a Hilbert- Schmidt operator acting from the space Tiw into Li. 
Additionally, the following estimate is true 

l^i?X^,«)lwH.,LS)<Ce«|«|i. , (20) 

where C is an appropriate positive constant. 

Proof: Because proof follows the proof of Lemma 3.3 of [PeZa2] and is technical, we 
present only a sketch of it. We shall use the following auxiliary result. 

Proposition 2 (Proposition 3.2, [PeZa2]) 

Let fi be the spectral measure ofWr, and let 6q be the Dirac distribution. Condition (H) 
holds if and only if there exists k >0 such that for N eN, the Fourier transforms of the 
measures 

mkidy) ■■= e-IJ^''/^(/i(rfi/) + ^Soidy)) , 
are non-negative functions. 

Let us note that now the relationship T^^^ = ^if'N,k), analogous to that F = J-'{fi) is 
true. 

The proof is conducted for functions u G Cb(]R). Because the space Cb is dense in Li 
and the operator /Cij(t, u) is linear with respect to u, the required estimation obtained for 
u G Cb(M) will be automatically extended to m G L^. 

The proof is done in some steps. First, we consider the case = in the above 
proposition. We rewrite the formula (fTHj) from Lemma 2 and express the integral with 
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respect to the measure like the hmit of integrals with respect to the measures ^n,o 
from Proposition El Using the formula Ftv.o = -^(/^7v,o) and Fubini's theorem, there is 
possible to write the series X]fe=i I^-r(^)^) /fclia ^^^^ integrals expressed in terms of Tj^^q. 
Particularly, it may be done for u = 1. 

Next, using the estimate ()13|) . we have the following estimate for all u G Cb(M) and 
t > 0: 

+ 00 ^ „ X -1 +00 

El^(^'«)Mi2^C'.e«|«|iJ / v{x)dx) 5^|/C(t,l)Mi. . 
fe=i V-^K ^ k=i 

From the estimate (fT^ . we obtain the required result (pn|). 

The case > deals with extending the results obtained in the case k = 0. Now, the 
measure u = fi + k6o satisfies the hypothesis (H). Beacause the new measure u fulfills the 
condition (|T7j). we may write the estimate 

IM^,«)lLs(w.,L?)<^e''l^li? (21) 

for all t > 0, M G Cfe(M). Here Tiy denotes the reproducing kernel of the spatially 
homogeneous Wiener process V with the spectral measure u. 

Basing on the estimate ()18|) and the inequality 

\HP^mx--)){y)\'Kdy)< [ IHP^mx - .)){y)\Mdy) , 

Jr Jr 
we have 

+00 

k=l 

But from (|7H) we obtain ICR{t,u) G LhsO^w, L"^) and the estimate (PU)). what finishes 
the proof. ■ 

We have the following consequence of Lemma El 

Corollary 3 Assume that the hypothesis (H) is satisfied. It is possible to choose a positive 
constant C such that if u & Li and u{x) > 1 for almost all x G M, then 

+00 +00 

^|/C(t,l)/,|i. <^|/C(t,M)Mi,+Ce«|M|i,, t>0. 

k=l k=l 

In the above estimate the set {fk} C Ti^r is an arbitrary orthonormal basis of the spaceTiw 
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5 Passing to the limit R +00 



As we have already written, the aim of the paper is to give conditions under which the 
integral Q is well-defined process with values in the space L^. Till now we have done it 
on the integral [—R, R] for any finite R. Now, we have to extend our results for R +00. 

Theorem 4 Assume that b is Lipschitz continuous function, is defined by ^ and the 
hypothesis (H) holds. Then the integral I ^{t) given by (0) is L^-valued. 

Proof: We will show that there exists enough large finite R > such that for any R > R 
(even R +00) the following estimate holds 

\}<^R{'t,u)\LHs{nwM) ^ \^Ri't^u)\LHsinwM) + ' (22) 
where is finite. 

In the proof of the estimate (j^^ we shall use the definition (jlll) of the operator ICr 
and the properties of the function Pa{t,x) defined by (jl}. Let us recall that for any 
R> 0, t > 0, X eR, u e Ll and 77 e 

lCR{t,u)ri{x) = / u{x - y)r]{x - y) Pa{t){y)dy . 
Jr 

Let us notice that P^it) = Pa{t, \x\) for |a;| < R, i.e. is a fundamental solution to the 
equation Q. Additionally, for a; > 0, Pait, \x\) = Pa(t, x), where Pa(t, x) is a probability 
density function (recall (jH),® and (0)). Because of symmetry of Pait, \x\), we will study 
only the case when x > 0. 

In order to prove the estimate ()22|) it is enough to show that for "large" R 

-R^ 

ii( rr r}( rr ni\ P (+ r,i\ rini — ^ R 



lim / u{x - y) r]{x - y) P^it, y) dy = M^^ 



where M.j^ < +00, for x G M and t G (0, +00). 

For any u G C(,(]R) and rj G Tiy^ C C;,(]R), we may write 

t-R pR 

/ u{x-y)r]{x-y)Pait,y)dy<MuMj Pait,y)dy, (23) 
Jr Jr 

where and are appropriate constants. 

According to Fujita's considerations (see also [Mj] or [Sk]), the asymptotic behaviour 
of the density Pa{l,x) is as follows: 



Ba 


\x\ 




l)/(2-a) 


exp [A, 




\x\ 


|2/(2-a)] 



(24) 
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where Aa and Ba are positive constants determined by a with 1 < a < 2. 

Now, let us recall and then use the property (jHI), that is Pa{t, x) = 
for t e (0, +CX)), X eR. 

Then ^ reads 





\xt-"/^ 


|(„_l)/(2-a)^-„/2 


exp[Aa 1 


2;^-q:/2 2/(2-a)j 



for t e (0, +oo), X G IR+. 

Hence, the right hand side of the estimate ()23p may be writen like 

JR 



where A^^ < +oo, what proves (j2Tj) . 

Since the space Cfe(M) is dense in Li and the operator Kr is linear with respect to 
we obtain the estimate 1)2111 for alH > and u E Li. ■ 
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